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This is a linear system. Its coe�cient matrix is

J =




∂F
∂x (x ∗ , y∗ ) ∂F

∂y (x ∗ , y∗ )

∂G
∂x (x ∗ , y∗ ) ∂G

∂y (x ∗ , y∗ )



 .

This matrix is just the Jacobian matrix of the system at the �xed point (x ∗ , y∗ ). Thus




x ′

y′



 =




∂F
∂x (x ∗ , y∗ ) ∂F

∂y (x ∗ , y∗ )

∂G
∂x (x ∗ , y∗ ) ∂G

∂y (x ∗ , y∗ )








x − x ∗

y − y∗



 .

Note. If the equilibrium point (x ∗ , y∗ ) 6= (0 , 0), then by choosingu = x − x ∗ and v = y − y∗ ,
we may the system to a new system with(0, 0) as a �xed point.

Topological Classi�cation

Linear stability analysis works for a hyperbolic �xed points. The nonlinear system’s phase
portrait near the �xed point is topologically unchanged due to small perturbations, and
its dynamics are structurally stable or robust.

Poincare-Lyapunov Theorem. If the eigenvalues of the Jacobian matrix evaluated at the �xed point
are not equal zero or are not pure imaginary numbers, then the trajectories of the system around the
equilibrium point behave the same way as the trajectories of the associated linear system.

1. If the eigenvalues are negative or complex with negative real part, then the �xed point is a sink
(that is all the solutions will die at the equilibrium point). Note that if the eigenvalues are complex,
then the solutions will spiral around the equilibrium point.

2. If the eigenvalues are positive or complex with positive real part, then the �xed point is a source
(this means that the solutions on the trajectories will move away from the equilibrium point). Note
that if the eigenvalues are complex, then the solutions will spiral away from the �xed point.

3. If the eigenvalues are real number with di�erent sign (one positive and one negative), then the equi-
librium point is a saddle point. In fact, there will be two solutions which approach the equilibrium
point as t → ∞ , and two more solutions which approach the equilibrium point as t → −∞ . For
the linear system theses solutions are lines, but for the nonlinear system they are not in general.
These four solutions are calledseparatrix.

Let p = trace[J (x ∗ , y∗ )] and q = det[ J (x ∗ , y∗ )], then hyperbolic �xed points are classi�ed as
follows:

Repellers (Sources) Unstable p > 0, q > 0 Re(λ1) > 0, Re(λ2) > 0

Attractors (Sinks) Stable p < 0, q > 0 Re(λ1) < 0, Re(λ2) < 0

Saddle Points Unstable q < 0 Re(λ1) < 0, Re(λ2) > 0

Linear stability analysis may fail for a non-hyperbolic �xed point:

Re(λ1) = 0 and Re(λ2) = 0 or at least one eigenvalue is zero.

The classi�cations for the �xed points of a nonlinear system are summarized in the
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following diagram:

p∣∣∣∣∣
Saddle points

∣∣∣∣∣ Repellers (Sources)

Saddle points

∣∣∣∣∣ Attractors (Sinks)∣∣∣∣∣

q

Example 5. Consider the nonlinear system{
x′(t) = F (x, y) = x3 − x,

y′(t) = G(x, y) = −2y.

The solution is: ∫
dx

x3 − x
=

∫
dt ⇒ x(t) = ±

√
(1− C1e2t)−1 ;∫

dy

y
=

∫
−2 dt ⇒ y(t) = C2e

−2t.

The fixed points are the intersections of the nullclines y = 0 (the x-axis) with

x = −1, x = 0, and x = 1.

Stability at Fixed Points

The Jacobian matrix is J(x, y) =
[

3x2 − 1 0
0 −2

]
with

J(−1, 0) =
[

2 0
0 −2

]
, J(0, 0) =

[
−1 0
0 −2

]
, and J(1, 0) =

[
2 0
0 −2

]
.

Note that around the fixed points (−1, 0), (0, 0), and (1, 0), the nonlinear system should
behave like the linear systems:[

x′

y′

]
=

[
2 0
0 −2

] [
x + 1

y

]
,

[
x′

y′

]
=

[
−1 0
0 −2

] [
x
y

]
, and

[
x′

y′

]
=

[
2 0
0 −2

] [
x− 1

y

]
respectively.

Since all the eigenvalues have nonzero real part, we conclude that all three fixed points
are hyperbolic. Consequently, the nonlinear system has a stable node (attractor) at (0, 0)
and saddle points at (−1, 0) and (1, 0).
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Phase Portrait

Example 6. Consider the following second order nonlinear equation known as Van der Pol
equation

d2x

dt2
− (1− x2)

dx

dt
+ x = 0.

This can be translated into the following system. Set y =
dx

dt
. Then we have

{
x′(t) = y,

y′(t) = −x + (1− x2)y.

The x-nullcline is given by
dx

dt
= y = 0. Hence the x-nullcline is the x-axis.

The y-nullcline is given by
dy

dt
= −x + (1− x2)y. Hence the y-nullcline is the curve y =

x

1− x2
.

Thus (x∗, y∗) = (0, 0) is the only fixed point. The Jacobian matrix is

J(x, y) =
[

0 1
−1− 2xy 1− x2

]
with J(0, 0) =

[
0 1
−1 1

]
.

Next picture shows the graphs of the solutions x(t) and y(t) for the initial value (0, 4).

The linear system close to the original nonlinear system around the fixed point (0, 0) is{
x′(t) = y,

y′(t) = −x + y.
or

(
x
y

)′

=
[

0 1
−1 1

](
x
y

)
.

The eigenvalues of this system are
1±

√
3 i

2
. Since the real part is positive, the solutions

of the linear system spiral away from the origin.
Example 7. Finally, consider the following problem: x′ = y

y′ = −9 sinx− y

5
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with J =
[

0 1
−9 cos x − 1

5

]
x-nullcline: y = 0

y-nullclines: y = −45 sinx

fixed points: (nπ, 0)
n = · · · ,−3,−2,0, 1, 2, 3, · · ·

Nullclines and Fixed Points

Phase Portrait
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