Numerical Analysis Massoud Malek

Inverse of Lower Triangular Matrices

Given an n x n matrix M = (m;;), we will use the following notations:

mip Mmp2 Mip M,
Mo M2 Man, M, . )

M= e S VL, Mn.
mMn1 mMn2 Mpn Mn

We illustrate the algorithm of finding the inverse of a lower triangular matrix, where all
the diagonal entries are equal to one, by the use of the following 6 x 6 matrix:

1 0 0 0 0 1 0 0 0O 0 O

as 1 0 0 0 0 2 1 0 0O 0 O

A= aszy Q32 1 0 0 01 _ 3 4 1 0 0 0
aq1 42 43 1 0 0 5 6 -1 1 0 0

as1  Gs2  As3 G54 1 0 8 9 -—-10 5 1 0

ag1 Q2 g3 Gea aps 1 -2 -4 6 5 =3 1

In order to find A= we proceed as follows:

Step 1. The matrix A=! = B = (b;;) is obtained from A by first choosing

[ba1 = —ag1 = —2]  [b32 = —ags = —4] [baz = —asz3 =1] [bsa = —ass = =5
[ bes = —ags = 3];
1 0 0 0 0 0
-2 1 0 0 0 0
E_|tn —4 1 0 00
T by bao 1 1 0 O
bs1 bsa bsz =5 1 0
bgt bex bgz bga 3 1
Step 2. Now, we find
[bgl = a21 X azz2 — Aa31 :8*3:5] [b42 = a32 X Q43 — Q42 :7476:*10]
[b53 = Q43 X Q54 — Q53 = -5 — (—10) = 5] [b64 = Q54 X Qg5 — Ag4 = —-15—-5= —20]
1 0 0 0 0 0
-2 1 0 0 0 0
B— 5 —4 1 0 0 0
by —10 1 1 0 0
bsi bsz 5 =5 1 0
ber  bea bez —20 3 1

Step 3. Next we find by, bse, and bgs. Note that BA = I,,, hence

ByAY = by x 1+ (=10) x 2+ 1x3+1x5=0by —12=0= by = 12;
B5A2=b52><1+5><4+(—5)X6+1X9:b52—1=0:>b52=1;
B6A3=b63><1+(—20)><(—1)+3X(—10)+1X6:b63—4:0:>b63:4.
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Thus
1 0 0 0 0 0
—2 1 0 0 0 0
B— 5 -4 1 0 0 O
12 —-10 1 1 0 0
bs1 1 5 =5 1 0
bei bz 4 —20 3 1

Step 4. Next we set BsA' and BgA? to zero and obtain:

BsA' =b51 x 1 +1x24+5%x34 (=5)x5+1x8=bs; —0=0= by =0;
BgA? =bgy x 1+ 4 x4+ (—20) x 64+3 x 9+ 1 x (—4) = bga — 81 = 0 = bgy = 81.

Hence
1 0 0 0 0 0
—2 1 0 0 0 0
5 -4 1 0 0 0
B 12 —-10 1 1 0 0
0 1 5 -5 1 0
by 81 4 —-20 3 1

Step 5. Finally by setting BgA' to zero, we obtain bs;, the last unknown entry of A=' = B

BgA' = bgy x 1481 x 244 x 3+ (—20) x5+ 3 x 8 + 1 X (—2) = bgy + 96 = 0= bgy = —96.

Hence
1 0 0 0 0 O
-2 1 0 0 0 O
o 5 -4 1 0 00
AT =B= 12 —-10 1 1 0 O
0 1 5 =5 1 0
—-96 81 4 =20 3 1

Remark 1. If the invertible matrix 4 has some diagonal entries different from one, then
we first define the matrix

C—DA—diag<1,1 ...71>A

)
a11 G22 Apn

which has ones on its main diagonal. From the identity C~! = A=!D~!| we obtain

A—1=C‘1D=C‘1diag<1,1 Lt )

ai’ ag’ " ann
Remark 2. In order to find the inverse of an upper triangular matrix A, we first transpose

the matrix to change it into a lower triangular matrix, then we apply our algorithm to
At. Once (AY)~! = (A=Yt is found, we only need to transpose it in order to obtain A~!.
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